A unit evolution step of discrete-time quantum walks is determined by both a coin-flip operator and a position-shift operator. The behavior of quantum walkers after many steps delicately depends on the coin-flip operator and an initial condition of the walk. To get the behavior, a lot of long-time limit distributions for the quantum walks starting with a localized initial state have been derived. In the present paper, we compute limit distributions of a 2-state quantum walk with a delocalized initial state, not a localized initial state, and discuss how the walker depends on the coin-flip operator. The initial state induced from the Fourier series expansion, which is called the (α, β) delocalized initial state in this paper, provides different limit density functions from the ones of the quantum walk with a localized initial state.
Introduction
Discrete-time 2-state quantum walks (QWs) are considered as motions of quantum particles with the up-spin or down-spin state. The system of quantum walkers is described by probability amplitude, and its dynamics is determined by a unitary operator which is constructed of both a coin-flip operator and a position-shift operator. That is, the QW is a unitary process. One of the goals of the study is to know where the quantum walker is after many steps. To find the answer, a lot of longtime limit theorems have been derived. Particularly, the limit distributions play an important role in letting us know the spatial distribution of the walkers after long time. While we theoretically investigate the QWs, experiments on the QW after some steps have been also realized in physical quantum systems recently. In anticipation of successful realizations of QWs with many steps, we require investigation of limit theorems which can justify the results of the experiments.
The QWs have provided us with impressive limit distributions. The limit distribution of the 2-state QWs on the line Z = {0, ±1, ±2, . . .} is depicted by a density function with a compact support like the arcsine law 1,2 . If the quantum walkers possess more than three states, they can spatially localize in probability distribution and the limit density functions are described by both a continuous function and the Dirac δ-function which means occasion of localization 3,4,5,6 . The limit density functions of the QW on the two-dimensional square lattice also have a compact support 7, 8 . Questions concerning the long-time asymptotic behavior of the QW on a three-dimensional lattice currently remain open. Besides lattices, the Grover walks, whose coin-shift operators are defined by symmetric unitary matrices, were analyzed on trees, joint half lines or a spidernet 9,10,11 . Recently, Liu and Petulante 12 got a weak limit theorem for the QW on the half-line. While these limit theorems are results for the QWs with a localized initial condition, we will treat QWs starting with a delocalized initial condition in this paper. To understand properties of the QWs, we need to clarify the relation between the QWs and more general initial conditions. In fact, when we study quantum systems, we sometimes focus on initial conditions distributed over a domain. For example, in quantum search algorithms (e.g. Grover's search algorithm), we use quantum systems starting from a delocalized initial state. So, the aim of this paper is to analyze the QW on the line with a delocalized initial state, and we will report contribution from the coin-flip operator to the limit distributions. When the walker on the line starts with a localized initial state, it is known that the coin-flip operator gives an effect to asymmetric shape of the limit distribution 1,2 . It would be interesting to explore the dependence on the coin-flip operator in the case of a delocalized initial state.
Although the initial state given in this paper is special, our results would become the first stage to capture the relation between the limit distribution of the QW with a delocalized initial state and the coin-flip operator, not numerically but rigorously. By knowing how the QW depends on the initial state, we can reach deep understanding of its interesting features. As a result, the QWs might become attractive in a field of application and spread into science more widely. There are a few results for the QWs distributed widely in an initial state 13 The rest of this paper is organized as follows. In Sec. 2, we introduce the definition of a discrete-time 2-state QW on the line and the (α, β) delocalized initial state which is a wider initial state. Section 3 is devoted to showing our limit theorem. In Sec. 4, we show contribution from the coin-flip operator to the limit theorem of the QW with the (α, β) delocalized initial state in some examples. In the final section, we conclude our results and discuss a future problem.
2.
A discrete-time QW on the line with a delocalized initial state Total system of discrete-time 2-state QWs on the line is defined in a tensor space H p ⊗ H c , where H p is called a position Hilbert space which is spanned by a basis {|x : x ∈ Z} and H c is called a coin Hilbert space which is spanned by a basis {|0 , |1 } with the vectors 0| = [1, 0], 1| = [0, 1]. Let |ψ t (x) ∈ H c be the probability amplitudes of the walker at position x at time t ∈ {0, 1, 2, . . .}. Physical meaning of the component 0|ψ t (x) (resp. 1|ψ t (x) ) is the amplitude of the up-spin (resp. down-spin) state of the quantum particle at position x at time t. The state of the 2-state QWs on the line at time t is expressed by |Ψ t = x∈Z |x ⊗ |ψ t (x) . Time evolution of our QWs is described by a unitary matrix, that is a coin-flip operator
with ξ ∈ {0, 1} and θ ∈ [0, 2π). In this paper, we focus on the case of θ = π/2, π, 3π/2. We should note that
ξ . The amplitudes evolve along
Equation (2) means that the walker's position is shifted after its coin states are flipped. The probability that the quantum walker X t can be found at position x at time t is defined by
The term | 0|ψ t (x) | 2 (resp. | 1|ψ t (x) | 2 ) denotes the probability that the quantum particle with the up-spin (resp. down-spin) state can be found at position x at time t. Given the initial states |ψ 0 (x) , we get the probability distribution P(X t = x) for any time t. In this paper, we focus on a special delocalized initial state as follows.
Let w 1 , w 2 : R −→ R be the functions that satisfy
we set the following initial condition on the QW,
where
and |φ = α |0 + β |1 with α, β ∈ C and |α| 2 + |β| 2 = 1. We should note that x∈Z P(X 0 = x) = x∈Z ψ 0 (x)|ψ 0 (x) = 1 by Parseval's theorem. Since Eq. (4) provides a delocalized initial state, we call it the (α, β) delocalized initial state in this paper.
Limit distribution
Limit distributions depict approximate motion of the QW after many steps, just like the relation between random walks and central limit theorems. To get the behavior of the QW with the (α, β) delocalized initial state as t → ∞, we compute a limit distribution by using the Fourier analysis which is one of the standard methods to derive limit theorems of QWs 27,28,3,4,6,5,29,7,8 . Formal expression of the limit distribution was obtained in Grimmett et al. 27 . From the description, however, we don't strictly see how both coin-flip operators and delocalized initial states contribute to limit distributions. To catch the contribution, we progress some calculation in this section. From Eq. (2), the time evolution of the Fourier transform
The Carleson-Hunt theorem changes the initial state of the Fourier transform,
almost everywhere on [−π, π] 30,31 . Equation (7) is essentially the Fourier series expansions of the functions w 1 (k), w 2 (k). After using the method treated in Grimmett et al. 27 , for r = 0, 1, 2, . . ., we get
and c = cos θ, s = sin θ. By putting h(k) = x, we have
In Eq. (13), if we give a special initial state to the Fourier transform |Ψ 0 (k) , we can calculate a limit distribution. Let F : R −→ C be a function that satisfies
almost everywhere, where ℜ(z) (resp. ℑ(z)) denotes the real (resp. imaginary) part of z ∈ C and R (resp. C) means the set of real (resp. complex) numbers. If we set |Ψ 0 (k) = F (k) |φ , we obtain
As we can see from Eq. (7), the function F (k) corresponds to 2π W (w1,w2) {w 1 (k) + iw 2 (k)}. In the next section, we will show contribution from the coin-flip operators U ξ,θ to the limit theorem Eq. (16) when the functions w 1 (k), w 2 (k) are supplied.
Contribution from coin-flip operators
In this section, to see contribution from the coin-flip operators U ξ,θ , we concretely give the functions w 1 (k), w 2 (k) on a range with the length 2π and compute limit density functions of the QW as t → ∞. Outside the given domains of w 1 (k), w 2 (k), the functions shall be 2π-periodically expanded on R.
Case 1
We take w 1 (k) = cos ak (−π ≤ k ≤ π), w 2 (k) = sin ak (−π < k < π) with a / ∈ Z. Then the (α, β) delocalized initial state becomes
Before we check the limit distribution for this initial state, we remark the following fact from Eq. (16) . If the function F (k) given in Sec. 3 satisfies
By using this result, we compute the limit distribution of the QW with the initial state Eq. (21),
We can imagine the limit density function with α = 1/ √ 2, β = i/ √ 2 in Fig. 1 . Equation (23) is the same limit theorem as that of the walker starting from the origin with |ψ 0 (0) = |φ 1,2 .
Case 2
Given the functions w 1 (k) = log(4 cos 2 k) (π/2 < k < 5π/2), w 2 (k) = 0, the initial state is expressed as |ψ 0 (x) = 0 |φ (x = 0, ±1, ±3, . . .),
In a similar fashion as Case 1, we can extract Case 1) Comparison between the limit density function (red line) and the probability distribution P(Xt/t = x) at time t = 5000 (blue line) with
where 
We remark that the limit density function with ξ = 0 has three singular points x = 0, ±|c|.
Case 3
The (α, β) delocalized initial state constructed of w 1 (k) = 1 2 log(cot |k/2 − π/4|) (−π/2 < k < 3π/2), w 2 (k) = 0 is written as
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The functions w 1 (k), w 2 (k) don't satisfy the condition corresponding to |F (k−π)| = |F (−k)| = |F (k)|. We have to pass through the different computation from Eq. (22) . So, we add a result derived immediately from Eq. (16) as follows. If the function
From Eq. (29), we obtain the quantum walker with Eq. (28) as t → ∞,
(a) ξ = 0 (b) ξ = 1 Fig. 3 . (Case 3) Comparison between the limit density function (red line) and the probability distribution P(Xt/t = x) at time t = 5000 (blue line) with α = 1/ √ 2, β = i/ √ 2.
Note that the limit density function with ξ = 0 isn't continuous at x = 0. On the other hand, since lim x→±|c| f 1 (x; 0, α, β)g 2 (x; 0)I (−|c|,|c|) (x) = 0, it's continuous at x = ±|c|.
Case 4
Let us suppose
These functions yield the following (α, β) delocalized initial state,
Then Eq. (16) has a representation
Notice that the limit density function with ξ = 1 isn't continuous at x = 0.
Case 5
As the final example, we focus on an initial state over a finite domain. For a nonnegative integer n, we give Then setting χ n,j = (−1) n+1 (−1) j (2j + 1) − 1 (j = 0, 1, 2, . . . , n), we have the (α, β) delocalized initial state,
where Γ(z) = ∞ 0 s z−1 e −s ds is the Gamma function. A limit distribution follows from Eq. (22):
If n = 0, then the limit distribution is equivalent to that of the QW starting from the origin 1,2 . The effect of the parameters ξ ∈ {0, 1} is expressed in a linear term of f 1 (x; ξ, α, β). Figure 5 gives us a comparison between the probability distribution P(X t /t = x) and the limit density function with n = 50 and Comparison between the probability distribution P(Xt/t = x) at time t = 1000 (Fig. (a) ) and the limit density function (Fig. (b) ) with n = 50 and α = 1/ √ 2, β = i/ √ 2.
Summary
In this section, we will mention our results and a future problem. Limit theorems of QWs have been mainly investigated for localized initial conditions. Theoretical analysis for the QWs with a delocalized initial state is generally complex. In this paper, to deepen our understanding of relationship between a 2-state QW on the line and its initial conditions, we produced the (α, β) delocalized initial state induced from the Fourier series expansion, and derived a long-time limit theorem for the walk. That is, we found one of the QWs with a delocalized initial state whose approximate behavior after many steps can be forecasted. By using our limit theorem, we have specifically computed limit density functions for some QWs with the (α, β) delocalized initial state. As a result, Eqs. (25), (31), (37) and (45) are different from the limit distribution for the 2-state QW starting with a localized initial state. Compared to the QW with a localized initial condition, whose limit density function never has a discontinuity in the compact support, limit density functions of the QW with a delocalized initial condition can have a discontinuity in the compact support (See Figs. 2-(a) , 3-(a) and 4-(b)). The limit distributions, moreover, taught us the effects of the coin-sift operators U ξ,θ = cos θ |0 0| + (−1) ξ sin θ |0 1| + sin θ |1 0| − (−1) ξ cos θ |1 1| (ξ ∈ {0, 1}) (See Figs. 2, 3 and 4) .
As a development of our investigation, it is interesting to analyze long-time behavior of multi-state QWs with a delocalized initial state. Since the multi-state QWs starting from the origin can localize in probability distributions after long time 3,4,5 , it is a conceivable topic to clarify the difference between our 2-state QW and the multi-state QWs with a delocalized initial state. Also, our result claims that we can create various probability distributions with a compact support from the 2-state QWs by controlling the functions w 1 (k), w 2 (k). If the QW after many steps is realized in a quantum system, we'll physically gain various probability distributions. At the same time, that means we can obtain various random variables in quantum computing. The author hopes that our results will contribute to the quantum computation theory.
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